Abstract-We consider the problem of system reconstruction from higher order spectra (HOS) slices. We establish that the impulse response of a complex system can be reconstructed up to a scalar and a shift based on any pair of HOS slices, as long as the distance between the two slices satisfies a certain condition. One slice is sufficient for the reconstruction in the case of a real system. We propose a cepstrum-based method for system reconstruction. We also propose a new method for the reconstruction of the system Fourier phase based on the phase of any odd-indexed bispectrum slice. Being able to choose the slices to be used in the reconstruction allows us to avoid bispectrum regions dominated by noise.
I. INTRODUCTION

S
YSTEM reconstruction from higher order spectra (HOS) has received a lot of attention [6] , [12] , [13] because of the well-known HOS advantages, i.e., reduced sensitivity to additive Gaussian noise, and, preservation of Fourier-phase as well as magnitude of non-Gaussian signals.
Here, we consider the problem of system reconstruction based on one-dimensional (1-D) slices of the HOS of the system output. A number of nonparametric methods have been proposed for the reconstruction of signals from output HOS slices. One of the common approaches was to extract phase information from HOS and then rely on some other means to estimate Fourier magnitude. In [10] , the first offaxis slice of the bispectrum discretized on a square grid was utilized for the phase estimation problem. It was computationally simple because only a single slice was used and because the principal argument of the bispectral phase only was required. In [7] , a fixed slice of the bispectrum at 45 was employed to recover both the Fourier phase and the magnitude. The diagonal bispectral slice, however, suffers from high estimation errors variance [13] . Since only fixed slices were employed in computations in both [7] and [10] , these methods could not be used with bandlimited signals whose bispectrum vanished along the particular slice being used, nor could regions where the bispectrum signal-to-noise ratio (SNR) is low be avoided. Furthermore, there is no Manuscript received September 15, 1995; revised October 14, 1996 . This work was supported by NSF Grant MIP-9553227 and the Whitaker Foundation. The associate editor coordinating the review of this paper and approving it for publication was Prof. Pierre Comon.
A. P. Petropulu is with the Electrical and Computer Engineering Department, Drexel University, Philadelphia, PA 19104 USA (e-mail: athina@artemis.ece.drexel.edu).
U. R. Abeyratne is with GORCA Systems Inc., Maple Shade, NJ 08052 USA (e-mail: udantha@cbis.ece.drexel.edu).
Publisher Item Identifier S 1053-587X(97) 06456-8. averaging mechanisms in order to reduce estimation variance. Phase reconstruction from bispectrum slices with the capability of averaging results corresponding to different slices has been addressed in [11] . The number of slices that can be used for the estimation of the phase sample , however, decreases as decreases. In particular, can be obtained based on the slices , where is an integer in the interval . Thus, and can be obtained from the bispectrum slice only, can be obtained from the slice or , etc. Consequently, averaging could potentially benefit the phase samples in the high frequency range only.
A HOS slice can be expressed as a linear combination of cumulant slices. There have been several approaches on system identification based on cumulant slices. In [12] and references therein, it was shown that the impulse response of an MA system can be calculated based on only a slice of its output cumulants when the exact model order is known. In [17] , the impulse response of an ARMA system was shown to be identifiable from slices of the cumulant sequence when the AR parameters and the model order were known in advance. The AR component could be obtained via cumulant-based normal equations. The main disadvantage of these methods is sensitivity to errors in the model orders and , which usually have to be estimated from the observations. A linear approach for MA system identification based on a combination of cumulant slices was proposed in [8] , where the different slices may come from different-order cumulant sequences. Since it was possible to avoid the use of the autocorrelation slice, the technique was capable of providing consistent estimates in the presence of colored noise. The method was reported to be well behaved with respect to an overestimate of the model order. The identification of FIR channels was viewed in [9] as a problem of extracting the greatest common divisor of a family of polynomials obtained from slices of the cumulant sequence of the output.
In this paper, we establish that the impulse response of a complex system can be estimated up to a scalar and a shift based on any pair of 1-D slices of the output HOS (order ) as long as the distance between the slices satisfies a certain condition. For the reconstruction of a real system, one slice is sufficient. We propose a cepstrum-based method for complex system reconstruction. We also propose a new method for the reconstruction of the Fourier phase of a real system based on the phase of any odd-indexed slice of the bispectrum of the system output. The freedom of choosing any slice allows us to avoid regions where the HOS-domain SNR is low, e.g., the low frequency bispectrum region corresponding to a bandpass signal. Another important feature of the proposed system reconstruction and phase estimation methods is low computation complexity since the HOS slices used do not require the computation of the whole cumulant sequence.
Throughout the paper, the following notation is followed: For a signal and denote -transform, Fourier transform, and complex cepstrum, respectively.
II. THEORETICAL BACKGROUND
Let
(1) be a stationary process, where is an th-order white nonGaussian noise process with a nonzero th-order cumulant , be the impulse response of an exponentially stable, nonminimum phase, possibly noncausal LTI system, and be zero-mean Gaussian noise independent of . The goal is to estimate from . Let the th-order cumulant sequence of be . Provided that the th-order cumulant exists and is absolutely summable, the th-order spectrum of is defined to be the -dimensional -transform
The th-order cumulant of can be expressed as [5] (3) From (2) and (3), we obtain (4) where is the -transform of . The region-ofconvergence (ROC) of is guaranteed to contain the unit hypersphere in space under the assumption of a stable sequence.
Let us define an 1-D "slice" of the th-order spectrum of the system output by fixing to some value , i.e.,
Then (6) holds. The th-order spectrum slice can be written as (7) where (8) III. SYSTEM RECONSTRUCTION FROM HOS-SLICES OF THE SYSTEM OUTPUT Evaluating (6) at two different values of , i.e., we get (9) where (10) The equations of (9) . Although it seems that A1) and A2) could be violated, due to the special relationship between and , the system function will still be identifiable from and independent on its zeros and poles. In particular, the following propositions hold.
Proposition 1: Let be the impulse response of a complex LTI system whose -transform has no zeros on the unit circle.
Then, is always identifiable within a scalar and a shift from the output th-order spectra slices as long as and satisfy for every integer and (11) Proof: Let be the time domain equivalent of the th-order spectrum slice . Let us first assume that is such that A1) and A2) are satisfied. The complex cepstrum of is defined as the inverse -transform of , where is analytic on the unit circle. The analycity of on the unit circle requires that the phase of is a continuous function of . Using -transform properties, we get that the complex cepstrum of equals for . Transforming (9) in the complex cepstrum domain yields (12) It should be pointed out at this point that since we chose , always exists, as long as has no zero on the unit circle. If we chose , then we would have to be concerned with zeros/poles away from the unit circle moving onto the unit circle, thus rendering undefined.
From (12), we get (13) Equation (13) is defined if the denominator is nonzero for all , i.e., (14) The latter requirement is satisfied if the slices are chosen so that (11) holds.
As already mentioned, identifiability is not straightforward as admits a zero-pole representation. At first, it seems that identifiability is compromised when conditions A1) and A2) are violated. We show next that the right-hand side of (13) will be equal to even if A1) and A2) do not hold, or equivalently, identifiability is still preserved.
Case I-A1) Does Not Hold (Zero-Pole Cancellations):
As an example of a case of zero-pole cancellation in both and , let us consider (15) with . Then, the slices with (16) equal (17) and (18) Subtracting the logarithms of (17) and (18) Taking theh inverse -transform of (19), we get (20) for , which implies that (13) can be used to reconstruct even if A1) does not hold.
Case II-A2) Does Not Hold (Common Zeros): Let be (21)
A problem could potentially arise if (22) In this case, the the slices have the common zero . Subtracting their logarithms and based on (22), we get [15] (23)
Taking the inverse -transform of (23), we get [15] ( 24) or (25) This again implies that (13) can be used to reconstruct even if A2) does not hold.
Proposition 2: Let be the impulse response of a real LTI system whose -transform has no zeros on the unit circle. A single slice of the th-order spectrum of the system output suffices for the reconstruction of within a scalar and a shift, as long as integers (26) Proof: Let be an arbitrary real number. It holds that and , where " " denotes complex conjugation. Thus, (9) applied with and leads to [1] Im (27) where Im stands for the imaginary part. For (27) to be valid, the denominator must be nonzero for all , which leads to (26).
A. Cepstrum-Based System Reconstruction from HOS Slices
The proofs of Propositions 1 and 2, besides establishing identifiability of a complex from two th-order spectral slices and a real from a single slice, also provide cepstrum-based reconstruction methods via (13) and (27), respectively.
The quantities , which are needed in (13) and (27), equal the inverse -transform of , respectively. Their computation requires the unwrapped phase of , or alternatively, they can be computed as (28) Based on its complex cepstrum, can be recovered within a complex constant and a shift via inverse cepstrum operations.
Although these methods hold if has no zeros on the unit circle, they can be modified to cover the case of zeros on the unit circle. The zeros of that lie on or near the unit circle can be moved away from it by choosing HOS slices corresponding to . Let
where satisfy (11) . The cepstrum computed via (29) corresponds to the sequence from which we can obtain by inverse windowing. The value of has to be appropriately chosen so that zeros and poles do not come near the unit circle as a result of exponential weighting. It should also be noted that choosing effectively shortens , and after the reconstruction, inverse windowing with amplifies small errors occurring in the trailing part of the reconstructed . A procedure to determine an appropriate value for is given in Appendix A.
It should be noted that the computation of a th-order spectrum slice could be carried out without computing the whole cumulant sequence first [2] . The slice is the Fourier transform of , as defined in (8) . Based on (9) , can be estimated directly from the system output as (30) According to (30), independent of the order of spectra employed, the slices needed in (13) can be obtained based on cross-spectrum operations on the data.
IV. PHASE RECOVERY FROM THE PHASE OF A BISPECTRUM SLICE
In this section, we present a method for the estimation of the Fourier phase of a real system based on the phase (principal argument) of a single slice of the discretized bispectrum of the system output.
With expressed as , let us define the operator (31) Let be the Fourier phase of , where denotes discrete frequency and ranges in , and let be the phase of the bispectrum of the system output, where again, denote discrete frequencies in . Let us take to be a power of 2, and let be a fixed odd integer in . For a real system, the output bispectrum phase is related to the phase of as (32) Repeating (32) for , we get that (33) where is the smallest integer for which for any . Although, in general, we cannot guarantee that there is such an integer , it can be verified that for equal to a power of 2 and for odd , such an integer always exists.
The recursive equation (33) can be written in closed form as (34) The phase sample can be taken to be zero for real systems. Based on (32), it can be shown that equals 
where is an integer function. The phase is related to the true phase as (38) where are integer functions. The time domain effect of using instead of the true phase is a circular shift by the integer amount . Since is an arbitrary odd integer, any odd indexed bispectrum slice can be used in the phase estimation. Several phase estimates can be obtained based on several slices, and thus, an improved final phase estimate can be obtained.
This latter issue, however, requires special attention since averaging in the phase domain can turn phase differences equal to integer multiples of into phase differences equal to noninteger multiples of and a linear phase corresponding to an integer time domain shift into a linear phase corresponding to a noninteger shift. Although the first problem could be avoided by performing averaging in the domain, the latter one cannot be eliminated. To avoid it, the averaging must be done in the phase domain after the following steps. First, phase unwrapping is performed on to compensate for the term , and then, the linear phase is removed from the unwrapped phase. The slope of the linear phase equals , where is the unwrapped phase . Usually, the estimated phase is used for system reconstruction purposes. In such cases, averaging can be performed in the reconstructed system domain after the reconstructed systems corresponding to different bispectral slice pairs are aligned with respect to their maxima.
Summarizing, (34) provides a way to recover the phase of from the principal argument of a bispectrum slice , where is a power of 2, and can be any odd integer in the range .
V. RESULTS
In this section, we investigate the proposed system reconstruction and phase recovery methods via Monte Carlo simulations. Two different systems were considered:
• was an ARMA(3,1) with a transfer function,
• was an MA with transfer function
The driving process was simulated by a zero-mean, onesided exponential noise process with a skewness 2.0.
In all simulations, the system reconstruction is based on the bispectrum of the system output. The bispectral slice was obtained as the 2-D Fourier transform of the estimates of the third-order cumulants of the sequence . Data of length samples were segmented into nonoverlapping records of length each. The cumulants of each record were estimated over a region and were then averaged out. The minimum bispectrum bias supremum window [14] was applied on the averaged cumulants in order to reduce the estimation variance. A size FFT was used to compute the bispectrum. Zero-mean Gaussian noise at a signal-to-noise ratio SNR was added to the process , where the SNR was defined by the ratio signal to noise variances.
Since reconstruction from various bispectrum slices is to be tested, the whole bispectrum was estimated; thus, all cumulants were calculated.
A. Cepstrum-Based System Reconstruction and Comparison with Existing Methods
The complex cepstrum was computed via (28). The numerical stability of (13) can be improved [4] by choosing values for in order to guarantee that for all , where and are arbitrary real numbers.
The system with the transfer function was considered first. The parameters used were , , , and , , . Keeping all parameters the same, we compared the results of the proposed cepstrum approach with those obtained with a nonparametric technique: the bicepstrum method proposed in [16] . According to this method, the 2-D bicepstrum, defined as the cepstrum of the third-order cumulants, is computed, and its values along the axes and the main diagonal are used to estimate the system cepstrum. Corresponding results for the system using the FFT approach [16] are illustrated in Fig. 2. From Figs. 1 and 2 , we note that the performance of the proposed cepstrum technique matches reasonably well with that of the bicepstrum method. The proposed method has a slightly lower estimation variance than the bicepstrum one; however, it has lower bias at SNR 10 and 20 db and a considerably lower computational complexity.
Next, we compared the results of the proposed complex cepstrum technique with a parametric technique based on cumulant slices [8] . In [8] , it was shown that the impulse response of a causal MA system could be expressed as a linear combination of cumulant slices, and the MA parameters could be obtained as the solution of a system of equations. The slices were allowed to be from a single cumulant sequence of any order or a combination of slices from cumulants of several orders, e.g., .
Only the third-order cumulant slices were used. In this simulation, we used . The parameters used in this case were , , , and SNR , 10 db. The results of the proposed cepstrum technique are illustrated in Fig. 3 . In all cases, the solid line indicates the average reconstructed system over 100 Monte Carlo runs, and the shaded area represents the average one standard deviation. The dotted line indicates the true system. All quantities have been normalized to have the same energy. Fig. 4 shows corresponding results obtained from the method of [8] based on the third-order cumulant slices only and assuming that the true order of the MA process is known. According to Figs. 3 and 4 , the 1-D complex cepstrum-based technique consistently resulted in a system with a lower bias, whereas the variances of both techniques were comparable. Based on our experience with simulations, the trend of the method of [8] , resulting in higher estimation bias than the proposed method, was consistently observed. Although the method of [8] was not very sensitive in terms of bias when a model order overestimate was used, the estimation variance was increased considerably with model order errors.
B. Phase Recovery through Bispectrum Slices
In this section, we investigate the performance of the proposed phase reconstruction technique and compare it with the technique of [10] , via Monte Carlo simulations. The technique of [10] was selected for comparison purposes because it also utilizes a bispectrum slice. However, it can only use the first bispectrum slice, whereas the proposed technique gives a greater freedom to choose the particular slice to be used.
In all the results shown in Section V-B, a time-domain representation of the phases of both true and reconstructed signals are used in order to circumvent the difficulties of a direct presentation of phase. These difficulties arise from integer multiples of phase differences and linear phase components. Time domain representation is obtained by associating the estimated phase with the true Fourier magnitude of the signal.
In the following, we show simulation results for the phase for several different choices of slices. In all cases, we used , , , and SNR . The LTI system is used in all simulations. In all figures in Section V-B, the average of the estimated phase (time-domain representation) over a 100 Monte Carlo runs is indicated by a solid line, whereas the true phase is shown by a dotted line. The shaded area indicates the region corresponding to average one standard deviation. All quantities are normalized to the same energy.
The estimation accuracy of bispectrum-slice-based phase reconstruction techniques depends on the particular slice being used. For instance, slices with very low Fourier magnitudes are more prone to noise and finite data length effects compared with slices with larger Fourier magnitudes throughout the range . It should particularly be noted that due to the recursive nature of the solution, errors, especially the ones occurring at lower frequencies, may propagate and substantially compromise the accuracy of the solution. Therefore, in choosing the slice number to be used in phase reconstruction, we first identify bispectrum slices whose magnitudes are reasonably large and stay well clear of the value zero in the entire range of frequencies . A set of slices -satisfying this condition is shown in the top of Fig. 5 , along with a set of slices -violating it (see the bottom of Fig. 5) .
We used the bispectrum slice , which is shown as a solid in the top of Fig. 8. Comparing Fig. 8 , the top and bottom right of Fig. 6 , and the top and botto right of Fig. 7 , we conclude that averaging over multiple slices improves the mean and variance of the estimation. The improvement is more pronounced in the case of slices -, where the use of individual slices resulted in a relatively poor performance.
Next, we compared the proposed phase estimation technique with the method developed in [10] through Monte Carlo simulations. The method of [10] recursively estimates the phase of the system based on the principal argument of the phase of the first bispectral slice, i.e.,
. In addition, it requires that be known in advance. Although can be arbitrarily set allowing a delay of the signal, it presents difficulties in comparing Monte Carlo results to the true system when the delay is by a noninteger amount. In these simulations, was set to the correct phase value computed from . The results of 100 Monte Carlo simulations for the phase are shown in Fig. 9 , where, again, the time domain representation has been used. From Figs. 6-8, we observe that the proposed phase reconstruction technique outperforms the method of [10] in terms of both the variance and bias of the phase estimations. The greater freedom to choose slices makes the proposed method usable with bandpass signals, unlike the method of [10] , where the use of the first slice (i.e., ) is essential.
VI. CONCLUSION
We established that the impulse response of a complex system can be reconstructed up to a scalar and a shift based on any pair of HOS slices, as long as the distance between the two slices satisfies a certain condition. One slice is sufficient for the reconstruction in the case of a real system. A system reconstruction method was proposed along with a new method for the reconstruction of the system Fourier phase based on the phase of any odd-indexed slice of the discretized bispectrum.
The main advantage of the proposed methods is that the freedom to choose the bispectrum areas to be used in the reconstruction allows one to avoid regions dominated by noise or finite data length effects. A point that requires attention when it comes to implementing the proposed system reconstruction method is the following. Although, in theory, the choice of slices is restricted by (11) or (26) only, instability issues may arise if the slices are chosen so that the denominator of (13) becomes small enough.
In some practical situations, a priori information about the frequency content of the system is available. For example, in ultrasound imaging, the rf echo is shaped by the transducer echo-pulse wavelet, which is a bandpass kernel with known high and low frequency [3] . In such a case, where we know a priori what slices should be used or avoided for data modeling, the selected slices can be computed from the data based on cross-correlation operations only via (30). This would result in computation savings since the cumulant estimation is bypassed. The statistics of the cross-correlation-based slice estimator, however, need to be further studied.
APPENDIX A Given the sequence , the following ad hoc procedure [4] can be used to choose the the weighting component . Let be the FFT length required in (28) and be the length of the truncated cepstrum required from proper system reconstruction through (13) and (27) .
The closer the zeros/poles of to the unit circle, the slower the decay of the complex cepstrum with the sample number. In order to get a proper system reconstruction, and should be large enough to contain all the significant samples of the complex cepstrum. The quantity should be chosen so that a) it is as close to the value 1 as possible, and b) it leads to and manageable within available computational resources.
The selection of and is based on the following observation. Given the sequence and initial values for , , we can compute the truncated complex cepstrum , to obtain the sequence . Applying inverse cepstrum operations on , we can obtain a time domain sequence
. If the length of and are sufficient, , except possibly for a scale factor and a time delay introduced by the complex cepstrum operations.
In order to compare the two sequences and without regard to the scaling factor and time delay, we define a error measure as
where are, respectively, the amplitude spectra of the Fourier transform of , . Amplitude spectra are normalized to have the same peak value.
Sufficiently small indicates acceptable values for and .
